Abstract. For hyperbolic diffeomorphisms, we describe the variational properties of the dimension spectrum of equilibrium measures on locally maximal hyperbolic sets, when the measure or the dynamical system are perturbed. We also obtain explicit expressions for the first derivative of the dimension spectra and the associated Legendre transforms. This allows us to establish a local version of multifractal rigidity, i.e., of a "multifractal" classification of dynamical systems based on their multifractal spectra.
Introduction
Given a finite measure µ on a compact manifold M , the dimension spectrum or multifractal spectrum for pointwise dimensions is defined by
log µ(B(x, r)) log r = α ,
where B(x, r) ⊂ M is the ball of radius r centered at x, and dim H Z denotes the Hausdorff dimension of the set Z (see Section 4 for the definition). Dimension spectra are one of the primary components of multifractal analysis, a theory initially developed by physicists and applied mathematicians as a powerful tool for the numerical study of dynamical systems. Dimension spectra are examples of more general multifractal spectra, which include multifractal spectra for local entropies and multifractal spectra for Lyapunov exponents. These spectra encode information about various characteristics of the dynamics, as well as the associated invariant sets and invariant measures. Among them are the well-known Hausdorff dimension, correlation dimension, information dimension, and entropy of invariant measures. See [1, 10] for more details and further references. In this paper we study the effect of perturbations on dimension spectra. In particular, we address the question of how the dimension spectrum and its Legendre transform vary when the dynamical system f or the measure µ are perturbed. This question is of primary importance in the numerical study of dynamical systems. In fact, since numerical data, and in particular "numerical" multifractal spectra, may always be affected by small perturbations it is crucial to understand the influence of these perturbations. In particular we shall give a characterization of the variational properties of dimension spectra when:
1. µ is perturbed for a fixed dynamical system f ; 2. f is perturbed in such a way that µ remains invariant.
Multifractal spectra contain an enormous amount of "physical" information in a unique function. A priori, this codification could cause a drastic loss of information about the dynamics. We believe that it is both a useful and challenging problem to recover this information, i.e., to obtain information about a dynamical system from its multifractal spectra. This study is called multifractal rigidity.
Let us describe one of the main problems of multifractal rigidity. Consider probability measures µ 1 and µ 2 invariant under a dynamical system f such that D µ 1 = D µ 2 . The problem is to decide whether µ 1 = µ 2 . An affirmative solution to this problem would provide a multifractal classification of invariant measures. Some partial results in this direction were obtained by Barreira, Pesin, and Schmeling [1, 2] for certain restricted classes of hyperbolic dynamical systems and Gibbs measures.
In this paper we establish a "local" version of multifractal rigidity, valid for arbitrary equilibrium measures of axiom A surface diffeomorphisms. We now illustrate this phenomenon with a rigorous statement in the case of the Smale horseshoe (for definiteness we shall assume that the Smale horseshoe map is piecewise affine, and that its derivative matrix is diagonal with the absolute values of the eigenvalues being 3 and 3 −1 at every point). We code the Smale horseshoe by a two-sided full shift on two symbols. Theorem 1. For the Smale horseshoe, let η → µ η be a C 1 -family of Bernoulli measures on two symbols. If η → D µη is constant, then η → µ η is constant.
Theorem 1 is a particular case of more general statements established in Section 5. Unlike with the work in [1, 2] the statement in Theorem 1 readily extends to horseshoes modeled by Bernoulli shifts on an arbitrary number of symbols. The proof is based on the study of the variational properties of multifractal spectra. See Section 5 for details.
The structure of the paper is as follows. Section 2 recalls some notions and results from dimension theory. In Section 3 we describe the variational properties of multifractal spectra, under perturbations of the potential and under perturbations of the dynamical system. For the Hausdorff and box dimensions, a related study is described in Section 4. These results are applied in Section 5 to obtain local versions of multifractal rigidity.
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Dimension spectra of hyperbolic diffeomorphisms
Let f be a C 1+ε axiom A diffeomorphism of the compact manifold M , for some ε > 0, and Λ ⊂ M a basic set for f . This means that Λ is f -invariant, locally maximal, and hyperbolic for f , with f |Λ topologically mixing and such that the periodic points of f |Λ are dense in Λ. In particular, there exist a df -invariant decomposition T x M = E s (x)⊕E u (x) into stable and unstable subspaces for each x ∈ Λ, and constants c > 0 and λ ∈ (0, 1) such that
for every x ∈ Λ and n ∈ N. It is well known that the distributions x → E s (x) and x → E u (x) are Hölder continuous (see, for example, [5] ). This implies that the functions ψ s : Λ → R and ψ u : Λ → R defined by
are also Hölder continuous. Consider now a Hölder continuous function ϕ : Λ → R on the basic set Λ. We denote by µ f,ϕ the unique equilibrium measure of ϕ with respect to f |Λ, i.e., the unique f -invariant probability measure on Λ such that
where h µ (f ) is the measure-theoretic entropy of f with respect to µ, and P f |Λ (ϕ) is the topological pressure of ϕ with respect to f |Λ (see, for example, [5] for the definitions). We use the notation
Define a function T f,ϕ : R → R by
where T s (q) and T u (q) are the unique real numbers satisfying
The existence and uniqueness of these numbers follow easily from the continuity properties of the topological pressure. We say that µ is a measure of maximal dimension for Λ if
The following statement establishes the multifractal properties of µ f,ϕ .
Proposition 2. Let Λ be a basic set for a C 1+ε axiom A diffeomorphism f of a compact surface, for some ε > 0, and ϕ : Λ → R a Hölder continuous function. Then the following properties hold:
The domain of the function D f,ϕ is a closed interval in [0, +∞) and coincides with the range of the function −T f,ϕ .
If q ∈ R then
Remark. In [8] McCluskey and Manning showed that there exists an invariant measure of maximal dimension if and only only if T s (0)ψ s and T u (0)ψ u are cohomologous, i.e., if there exists a continuous function g : Λ → R such that
By Livshitz's theorem, (5) holds if and only if
for every x ∈ Λ and n ∈ N such that f n x = x. If (5) holds, then the common equilibrium measure of T s (0)ψ s and T u (0)ψ u is the unique invariant measure of maximal dimension. Therefore, the assumption "µ f,ϕ is not a measure of maximal dimension" in Statement 4 of Proposition 2 is equivalent to "ϕ − P f |Λ (ϕ) is not simultaneously cohomologous to T s (0)ψ s and to T u (0)ψ u ".
There exist versions of Proposition 2 for other multifractal spectra, such as entropy spectrum for local entropies, and dimension and entropy spectra for Lyapunov exponents; see [10] for details. One can also obtain versions of the results formulated below for these other multifractal spectra, using a very similar approach.
Variational properties of dimension spectra
In this section we describe how the dimension spectrum D f,ϕ (see (1) and (3)), and its Legendre transform T f,ϕ (see (4) ) vary under perturbations of the dynamical system f and perturbations of the potential ϕ.
3.1.
Perturbations of the potential. We first consider perturbations of the potential. Let again Λ be a basic set for a C 1+ε axiom A diffeomorphism f : M → M for some ε > 0. Let C α (Λ) be the space of Hölder continuous functions ϕ : Λ → R with Hölder exponent α. We define the norm of a function ϕ ∈ C α (Λ) by
Consider a parameterized family of potentials Φ = {ϕ η } η∈(−δ,δ) ⊂ C α (Λ) for some δ > 0. We shall say that Φ is a C k -family if the map
is of class C k . For each η ∈ (−δ, δ) let τ s (η, q) and τ u (η, q) be the unique real numbers such that
We denote by ν s q and ν u q the unique equilibrium measures, respectively, of the potentials
where ψ s and ψ u are defined in (2) .
The following statement provides a description of the variational properties of the functions τ s and τ u . Theorem 3. Let Λ be a basic set for a C 1+ε axiom A diffeomorphism f of a compact surface, and Φ ⊂ C ε (Λ) a C k -family of functions, for some ε > 0 and k ≥ 1. Then the functions τ s and τ u are of class C k in η and analytic in q, with
and
for every q ∈ R, where
Proof. We need the following lemma.
Proof of the lemma. Since
This implies the desired result.
Consider the function
Using Lemma 4, Birkhoff's ergodic theorem, and the fact that the distribution E s is one-dimensional, we obtain
By the implicit function theorem, the function τ s : (−δ , δ ) × R → R is welldefined for some δ ∈ (0, δ], with the desired regularity properties. A similar argument applies to τ u .
We now proceed in a similar way to that in [16] . We have
By Lemma 4, we obtain
Hence (6) holds. Furthermore, again by Lemma 4,
One can obtain (7) using similar arguments. This completes the proof of the theorem.
Consider now the function
By Theorem 3 the function τ is of class C k in η and analytic in q. The following statement describes the variational properties of the dimension spectrum.
Theorem 5. Let Λ be a basic set for a C 1+ε axiom A diffeomorphism f of a compact surface, and Φ ⊂ C ε (Λ) a C k -family of functions, for some ε > 0 and k ≥ 1. If µ f,ϕ 0 is not a measure of maximal dimension, then the function D : η → D f,ϕη is of class C k in a neighborhood of η = 0, and
for every q ∈ R.
Proof. We shall first prove that µ f,ϕη is not of maximal dimension for all sufficiently small |η|. Since µ f,ϕ 0 is not of maximal dimension, either ϕ 0 − P f |Λ (ϕ 0 ) is not cohomologous to T s (0)ψ s or to T u (0)ψ u (see the remark after Proposition 2). Without loss of generality we assume that ϕ 0 − P f |Λ (ϕ 0 ) is not cohomologous to T s (0)ψ s . By Livschitz's theorem (see, for example, [5, Theorem 19.2.1]), there exist two periodic points
for i = 0, 1, and hence,
This implies that ϕ − P f |Λ (ϕ) is not cohomologous to T s (0)ψ s , and hence, µ f,ϕ is not a measure of maximal dimension. Since ϕ η − ϕ 0 ε ≤ κ|η| for some constant κ > 0, and all sufficiently small |η|, we conclude that µ f,ϕη is not of maximal dimension for all sufficiently small |η|. By Proposition 2 and Theorem 3, the function q → τ (η, q) is analytic and strictly convex. Therefore, ∂ 2 τ ∂q 2 (η, q) = 0 for every q ∈ R, and q → ∂τ ∂q (η, q) is strictly increasing with range equal to R, for all sufficiently small |η|. Hence, there exists a function
Using Proposition 2 we obtain
By Theorem 3, the right-hand side of (9) is of class C k in η. Furthermore
and the above discussion shows that the function η → D f,ϕη is of class C k in η. Taking derivatives in (9) with respect to η and setting η = 0 we obtain the desired identity (8).
Theorem 5 indicates that under C k -perturbations of the potential, the corresponding dimension spectra, for some fixed basic set of a diffeomorphism, vary in a C k -differentiable way.
Remark. Theorems 3 and 5 can be generalized in a straightforward fashion to conformal axiom A diffeomorphisms on higher dimensional manifolds, i.e., axiom A diffeomorphisms such that d x f |E s (x) and d x f |E u (x) are multiples of isometries for every x ∈ Λ. A similar remark applies to all the results formulated below.
3.2.
Measure preserving perturbations of the dynamics. Consider now a parameterized family F = {f η } η∈(−δ,δ) of C k diffeomorphisms of the compact manifold M for some k ≥ 1. We shall say that F is a C k -family if the function η → f η is of class C k . Assume that f = f 0 is an axiom A diffeomorphism, and that Λ = Λ 0 ⊂ M is a basic set for f . By structural stability, there exists δ ∈ (0, δ] such that for each η ∈ (−δ , δ ) there exists a basic set Λ η ⊂ M for f η , i.e., an f η -invariant set which is a locally maximal hyperbolic set for f η , with f η |Λ η topologically mixing, and such that the periodic points of f η |Λ η are dense in Λ η . Furthermore, there exists ε > 0 such that for each η ∈ (−δ , δ ) there exists a ε-Hölder homeomorphism
Let T Λη M = E s η ⊕ E u η be the df η -invariant decomposition into stable and unstable subbundles, and consider the ε-Hölder continuous functions ψ s,η : Λ η → R and ψ u,η : Λ η → R defined by
Define functions Ψ s : (−δ, δ) → C ε (Λ) and Ψ u : (−δ, δ) → C ε (Λ) by
The following result is due to Mañé [7] .
is a C k -family of C k diffeomorphisms of a compact surface for some k ≥ 2, and Λ is a basic set for f 0 , then the maps Ψ s and Ψ u are of class C k−1 .
Let ϕ : Λ → R be a Hölder continuous potential. For each η ∈ (−δ , δ ) we consider another Hölder continuous potential ϕ η : Λ → R defined by
One can easily verify that µ fη,ϕη = µ f,ϕ • h −1 η . When {f η } η∈(−δ,δ) has associated a parameterized family of functions {ϕ η } η∈(−δ,δ) such that (12) holds for some Hölder continuous function ϕ : Λ → R and every η, we say that {f η } η∈(−δ,δ) is a measure-preserving perturbation. At the level of symbolic dynamics (associated to some Markov partition of the unperturbed basic set Λ) all the measures induced by each measure µ fη,ϕη on the symbolic space (i.e., the associated Gibbs measures) are indeed equal. Let now T s (η, q) and T u (η, q) be the unique real numbers satisfying
We denote by µ s q and µ u q the unique equilibrium measures of T s (0, q)ψ s,0 + q(ϕ − P f |Λ (ϕ)) and T u (0, q)ψ u,0 + q(ϕ − P f |Λ (ϕ)), respectively.
Theorem 7.
If {f η } η∈(−δ,δ) is a C k -family of C k diffeomorphisms on a compact surface for some k ≥ 2, Λ is a basic set for f 0 , and ϕ : Λ → R is a Hölder continuous function, then the functions T s and T u are of class C k−1 in η and analytic in q, with
Proof. Consider the function p(t, q, η) = P fη|Λη (tψ s,η + q(ϕ η − P fη |Λη (ϕ η ))).
Since P fη |Λη (ϕ) = P f |Λ (ϕ • h η ) for every potential ϕ, we obtain
Proceeding in a similar way to that in the proof of Theorem 3, and using Lemma 4, we conclude that
The implicit function theorem implies that the function T s has the desired regularity properties. Furthermore
This establishes (15) . With similar arguments one can establish (16) and the regularity properties of the function T u .
General perturbations.
One can also consider a combination of the approaches in Sections 3.1 and 3.2. Namely, let F = {f η } η∈(−δ,δ) be a C kfamily of C k diffeomorphisms of the compact manifold M for some k ≥ 2, such that f = f 0 is an axiom A diffeomorphism with some basic set Λ = Λ 0 ⊂ M . Let also {ϕ η } η∈(−δ,δ) ⊂ C α (Λ) be a parameterized family of ε-Hölder continuous functions. We emphasize that the identity (12) need not longer hold in this situation. We use the same notations as in Section 3.2.
In particular we define functions Ψ s and Ψ u as in (11), and functions T s and T u as in (13) and (14).
Theorem 8. On a compact surface, if η → f η and η → ϕ η • h η are of class C k for some k ≥ 2, then the functions T s and T u are of class C k−1 in η and analytic in q, with
Proof. The proof can be obtained by a straightforward modification of the arguments in the proof of Theorem 7.
By Proposition 6, the map η → ϕ η • h η possesses the regularity required in Theorem 8 when ϕ η = ψ s,η for every η, or when ϕ η = ψ u,η for every η (see (10) for the definition of ψ s,η and ψ u,η ).
We emphasize that our results in general do not extend to non-conformal hyperbolic diffeomorphisms on manifolds of dimension greater than two (see the discussion after Theorem 10 below).
Variational properties of Hausdorff and box dimensions
In this section we consider related problems to those of the former sections for the Hausdorff and box dimensions. Given a set Z ⊂ M and a number s ≥ 0, the s-dimensional Hausdorff measure of Z is given by
where the infimum is taken over all finite or countable covers U of Z by sets of diameter at most δ. The Hausdorff dimension of Z is defined by
Let now N δ (Z) denote the minimum number of sets of diameter at most δ needed to cover Z. The lower and upper box dimensions of Z are defined by
One can easily show that dim
Let again {f η } η∈(−δ,δ) be a parameterized family of C k diffeomorphisms as in Section 3.2. We assume that f = f 0 is an axiom A diffeomorphism with basic set Λ = Λ 0 ⊂ M . Let V s (x) and V u (x) be the local stable and unstable manifolds of size ε, defined by
Consider the Hölder continuous functions ψ s : Λ → R and ψ u : Λ → R defined by (2) , and let t s and t u be the unique real numbers such that P f |Λ (t s ψ s ) = 0 and P f |Λ (t u ψ u ) = 0.
The following result concerns the Hausdorff dimension, and the lower and upper box dimensions of basic sets. Proposition 9. Let f be a C 1 axiom A diffeomorphism on a compact surface, and Λ a basic set for f . Then the following properties hold:
Proposition 9 is a combination of work of several people. McCluskey and Manning [8] proved the statements concerning the Hausdorff dimension. The coincidence of the Hausdorff dimension with the lower and upper box dimensions was established by Takens [15] for C 2 diffeomorphisms, and by Palis and Viana [9] for arbitrary C 1 diffeomorphisms. See [10] for more details and further references.
For each η we denote the local stable and unstable manifolds of f η at the point x ∈ Λ η respectively by V s η (x) and V u η (x). Let Ψ s and Ψ u be as in (11) . Setting q = 0 in Theorem 7 and applying Proposition 9 we obtain the following statement.
Theorem 10. If {f η } η∈(−δ,δ) is a C k -family of C k diffeomorphisms on a compact surface for some k ≥ 2, and Λ is a basic set for f 0 , then:
1. The maps
are independent of x ∈ Λ, and are of class
In the case of the Hausdorff dimension, statement 1 is due to Mañé [7] , and statement 2 is due to Weiss [16] . McCluskey and Manning [8] (in the case of the Hausdorff dimension), and Palis and Viana [9] proved earlier that each of the maps in Statement 1 is continuous for C 1 surface diffeomorphisms. More recently Bonatti, Díaz, and Viana [4] gave an example which shows that the Hausdorff dimension of basic sets may vary discontinuously with the dynamics in manifolds with dimension bigger than two. Ruelle [12] obtained a version of Statement 1 in the case of repellers of conformal expanding maps.
Local multifractal rigidity
5.1. Rigidity of horseshoes. In this section we consider the same setup as in Section 3.1. Namely, let Λ be a basic set for a C 1+ε axiom A surface diffeomorphism f , and let Φ = {ϕ η } η∈(−δ,δ) ⊂ C ε (Λ) be a parameterized family of potentials, for some ε > 0. Consider also the associated family of dimension spectra {D f,ϕη } η∈(−δ,δ) .
We want to address the following problem: A. show that if the function η → D f,ϕη is constant in a neighborhood of η = 0, then µ f,ϕη 1 = µ f,ϕη 2 for every η 1 and η 2 in a neighborhood of η = 0. We say that this is a problem of local multifractal rigidity. Problem A is related to the problem of multifractal rigidity described in Section 1:
Clearly, an affirmative solution to Problem B implies an affirmative solution to Problem A. If ϕ and ψ are cohomologous, then D f,ϕ = D f,ψ . Therefore, what Problem B asks is if the cohomology of functions can be characterized by the dimension spectra of the corresponding equilibrium measures. We believe that this multifractal classification holds for a large class of hyperbolic dynamical systems. Partial results in this direction were given by Barreira, Pesin, and Schmeling [1, 2] , when µ ϕ and µ ψ are Bernoulli measures on two symbols. It seems impossible to extend their technique for arbitrary Gibbs measures, and in particular even for Bernoulli measures on an arbitrary number of symbols.
In contrast with the approach in [1, 2] , we shall obtain an affirmative solution to a version of Problem A for arbitrary equilibrium measures, applying the results of Section 3.
Consider negative functions ψ s : Λ → R and ψ u : Λ → R. In a similar way to that in Section 3.1, let τ s (η, q) and τ u (η, q) be the unique numbers satisfying
For each fixed η ∈ (−δ, δ), we consider the Legendre transforms D s f,η and
Using these dimension spectra we obtain the following version of local multifractal rigidity.
Theorem 11. Let Λ be a basic set for a C 1+ε axiom A diffeomorphism f of a compact surface, and Φ ⊂ C ε (Λ) a C 1 -family of functions, for some ε > 0 such that µ f,ϕ 0 is not a measure of maximal dimension. If for each ( ψ s , ψ u )
are constant in a neighborhood of η = 0, then µ f,ϕη 1 = µ f,ϕη 2 for every η 1 and η 2 in a neighborhood of η = 0.
Proof. Since µ f,ϕ 0 is not a measure of maximal dimension, we can assume, without loss of generality, that for all sufficiently small |η| and all ( ψ s , ψ u ) C ε (Λ)-sufficiently close to (ψ s , ψ u ), the function τ s (η, 0) ψ s is not cohomologous to ϕ η − P f |Λ (ϕ η ) (see the remark after Proposition 2 and the proof of Theorem 5). Let ν s η,q be the equilibrium measure of the function
It follows from the general theory of multifractal analysis of Birkhoff averages (see [3] for details) that D s f,η is analytic and strictly convex, and that for each fixed η the equilibrium measures ν s η,q are distinct for different q in some open interval. Since P f |Λ (ϕ η,q ) = 0 for every η and q, we conclude that for each fixed η the functions ϕ η,q are pairwise non-cohomologous for different q in some open interval.
Since the function η → D s f,η is constant in a neighborhood of η = 0, the function η → τ s (η, ·) is also constant in a neighborhood of η = 0. By a straightforward modification of Theorem 3 (with the functions ψ s and ψ u replaced by ψ s and ψ u ), we conclude that Λ ζ η dν s η,q = 0 for every q ∈ R, every sufficiently small |η|, and every ( ψ s , ψ u ) C ε (Λ)-sufficiently close to (ψ s , ψ u ), where
Since the topological pressure is analytic in the space of Hölder continuous functions C ε (Λ) (see [11, Corollary 5 .27]), the map
, is also analytic. The above discussion shows that for all sufficiently small |η| we have F (ϕ η,q ) = 0 for every q in some open interval. Furthermore, for each fixed η and q 0 the functions ϕ η,q cover some open subset of C ε (Λ) as ( ψ s , ψ u , q) varies in a C ε (Λ) × R-open neighborhood of (ψ s , ψ u , q 0 ). It follows immediately from the analyticity of F that
for every equilibrium measure µ with a potential in C ε (Λ).
We denote by C(Λ) the space of continuous functions on Λ, and by I(ϕ) the family of equilibrium measures of a function ϕ ∈ C(Λ). If (ϕ n ) n ⊂ C ε (Λ) is a sequence of Hölder continuous functions converging uniformly to a function ϕ ∈ C(Λ) (not necessarily Hölder continuous), then any weak sublimit of the sequence (µ f,ϕn ) n belongs to I(ϕ) (see [6, Theorem 4.2.11] ). In particular, when ϕ has a unique equilibrium measure the sequence (µ f,ϕn ) n converges weakly to µ f,ϕ . Therefore, the family ϕ∈C ε (Λ) I(ϕ) is weakly dense in J def = {µ f,ϕ : ϕ ∈ C(Λ) and card I(ϕ) = 1}.
Furthermore, the closed convex hull of J coincides with
(see [11, Appendix A.3.7] ). This shows that ϕ∈C ε (Λ) I(ϕ) is weakly dense in I C(Λ) , and thus (17) holds for every measure µ ∈ I C(Λ) . Since I C(Λ) is weakly dense in the family of invariant measures (see [11, Corollary 3 .17]), we conclude that the family of equilibrium measures of Hölder continuous functions is weakly dense in the family of invariant measures, and thus (17) holds for every invariant measure µ.
In particular, considering the identity in (17) for all invariant measures supported on periodic orbits we conclude from Livshitz theorem (see, for example, [5, Theorem 19.2.1] ) that for all η in a sufficiently small open neighborhood of η = 0, there exists a continuous function g η : Λ → R such that
Furthermore, it follows from the proof of Theorem 19.2.1 in [5] that there exists a constant C > 0 such that
for all η. Integrating (18) from η 1 to η 2 we obtain
where G η 1 ,η 2 : Λ → R is the bounded function defined by
It follows from (19) and the continuity of η → ζ η ∈ C ε (Λ) that G η 1 ,η 2 is indeed well-defined. We conclude that the functions ϕ η 1 − P f |Λ (ϕ η 1 ) and ϕ η 2 − P f |Λ (ϕ η 2 ) are cohomologous for every η 1 and η 2 in a sufficiently small neighborhood of η = 0. This completes the proof of the theorem. 
Let Λ be the horseshoe defined by f , i.e., the set
The restriction of f to Λ is topologically conjugated to the shift map σ on Σ = {1, . . . , p} Z . Let now {ϕ η } η∈(−δ,δ) be the parameterized family of functions on Σ defined by
for some probability vector
For simplicity we shall write r i = r 0,i for each i. We have
r η,i = 0 for every η. Define maps ψ s : Σ → R and ψ u : Σ → R by ψ s (x) = log d i if x ∈ V i , and ψ u (x) = − log c i if x ∈ H i . In a similar way to that in Section 5.1, let τ s (η, q) and τ u (η, q) be the unique numbers such that
Denote by ν s q and ν u q the equilibrium measures (with respect to σ), respectively, of the potentials τ s (0, q)ψ s + qϕ 0 and τ u (0, q)ψ u + qϕ 0 .
For each fixed η ∈ (−δ, δ), we consider the Legendre transforms D s f,η and D u f,η of q → τ s (η, q) and q → τ u (η, q), given by D s f,η (α) = sup{τ s (η, q) + qα : q ∈ R} and D u f,η (α) = sup{τ u (η, q) + qα : q ∈ R}. These functions are called respectively the stable and unstable dimension spectra for the measure µ f,ϕη . It follows from Proposition 2 that
for each α. The following statement establishes a stronger version of local multifractal rigidity for linear horseshoe maps. We can now apply a similar argument to the remaining sum After a finite number of steps we conclude that ζ i = 0 for i = 1, . . ., p.
By Theorem 3, for all η in a sufficiently small neighborhood of η = 0, the numbers d Remark. One can easily verify that for the special type of functions considered in (20), i.e., for functions ψ 1 and ψ 2 such that ψ k (· · · i 0 · · · ) = ψ k (· · · j 0 · · · ) whenever i 0 = j 0 , the following property holds: ψ 1 = ψ 2 if and only if ψ 1 is cohomologous to ψ 2 .
Theorem 1 in the introduction can be obtained from Theorem 12 in the following manner. Under the assumptions of Theorem 1 we have P f |Λ (q(ϕ η − P f |Λ (ϕ η ))) = τ s (η, q) log 3 = τ u (η, q) log 3. Therefore τ s (η, q) + τ u (η, q) = 2 log 3 P f |Λ (q(ϕ η − P f |Λ (ϕ η ))), and the function η → τ s (η, ·) + τ u (η, ·) is constant if and only if at least one of the functions η → τ s (η, ·) and η → τ u (η, ·) is constant. This shows that in the case of Theorem 1 the assumption in Theorem 12 concerning the maps η → D s f,η and η → D u f,η can be replaced by the requirement that η → D f,η is constant.
We emphasize that the related (and presumably more difficult) Problem B remains open. In the related case of entropy spectra, Schmeling announced recently a version of multifractal rigidity (roughly speaking entropy spectra correspond to the special case of dimension spectra with constant functions ψ s and ψ u ; see [1] for details).
